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Abstract
In this paper we study how a stochastic model can be used to determine optimal
levels of exploitation of the North-East Arctic Cod (NEAC , Gadus morhua). A non-
critical depensation growth model is developed for this species in order to examine both
deterministic and stochastic cases. Estimation of the biological and the noise term pa-
rameters in the stochastic biomass dynamics is based on simulation and use of empirical
NEAC data sets for the years 1985 - 2001. The Kolmogorov-Smirnov criterion based
method is used to estimate both drift and diﬀusion parameters simultaneously. The
estimates turn out to be reasonable and the model is able to capture the salient fea-
tures of the NEAC dynamics. The model is used to derive optimal levels of exploitation
with diﬀerent diﬀusion functions in the stochastic case and various discount rates in
the deterministic case. Optimal catches are compared to the historical catch records.
A striking feature of our modeling results is that these records ﬁt surprisingly well to
the inﬁnite discounting tracks, i.e., the bliss solution. Our general results indicate that
over ﬁshing has resulted from lack of long term planning as well as inadequate response
to uncertainty.
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Uncertainty in abundance estimation is prevalent for renewable resources and it can play
an important role in applied ﬁsheries management. The presence of stochastic ﬂuctuations
in ﬁsh stocks implies uncertainty regarding present and future stock abundance as well as
the eﬀects of exploitation on resource productivity. Yet simple rules that can be used to
account for biological uncertainty and the possibility of resource extinction are still not
available to resource managers.
The literature in this area has grown dramatically during the last few years. The
fruitful discussions by Clark, 1990, contain important practical implications although his
work focused mainly on deterministic models. He points out that many of the stock-growth
and stock-recruitment relationships are poorly understood and diﬃcult to estimate using
existing noise corrupted data. This makes the issue of uncertainty and its eﬀects on ﬁshery
management important.
A fundamental intention of most marine management regimes is to ensure conserva-
tion of the ﬁshery resource into the future. However, seemingly random ﬂuctuations and
diﬀerent views on objectives make this a tough undertaking. Management procedures are
imposed upon the industry in order to control the output, catches or landings, of the ﬁshery.
Feedback rules for adaptive management of ﬁshery resources can be introduced to ensure
the suitable yield levels where the stock dynamics are either deterministic or stochastic.
A deterministic feedback rule has been used by Grafton, Sandal and Steinshamn[Grafton
et al., 2000] and a deterministic and stochastic model by McDonald, Sandal and Steinshamn
[McDonald et al., 2002] to describe Canada’s Northern Cod ﬁshery and Southern Blueﬁn
Tuna ﬁshery respectively.
The purpose of this paper is to study the implications of uncertainty on the optimal man-
agement of the North-East Arctic Cod (NEAC) ﬁshery using an aggregated bio-economic
model. We introduce the issue of process uncertainty in the form of a stochastic model of
NEAC biomass dynamics and leave other sources of uncertainty for future investigation.
The NEAC is the most important species along the coast of Norway and Northern Russia.
This ﬁshery has played an important economic role within the coastal communities for hun-
dreds of years. It has large variations in the annual harvesting quantities. The stock size
fell from its highest level in 1946 to the lowest recorded level in 1981. However, the stock
seems to be recovering from its depleted state in the 1990s due to improved management
strategies.
A bio-economic model was developed by Arnason [Arnason et al., 2004] for NEAC in
a deterministic context, in order to examine the economic eﬃciency of the Norwegian ,
Danish and Icelandic cod ﬁsheries. In the present work, a stochastic continuous time bio-
economic model is developed for NEAC. The random component in the resource dynamics
is modeled by an Itˆ o variable and the population dynamics is described by a stochastic
2diﬀerential equation in Itˆ o form. Managing the ﬁshery in our context suggests formulating
the management problem as a stochastic optimal control problem. The objective is to ﬁnd
a harvesting rule that will be suitable for the North-East Arctic Cod stock.
The model presented here is a global and aggregate bio-economic model, implementing
lump variables and providing simple rules for quota management. This helps to avoid
over parameterization of the model and lack of perspective and causality in the dynamics.
The parameter estimations should not be judged as an econometric work but rather as
an attempt to keep the number of parameters low. This helps us in making a simple,
representative and aggregated dynamic model.
The estimation of the biological parameters for both drift and diﬀusion terms of this
non-linear model has been done by using the NEAC stock data. This paper employs the
Kolmogorov-Smirnov criterion based estimation technique [McDonald and Sandal, 1999] in
which all the available information is incorporated in the model of the NEAC stock. Our
model, which is based on parameter estimation in a stochastic diﬀerential equation, is novel
for this particular ﬁshery and has obvious advantages compared to traditional approaches.
Parameter estimation in both drift and diﬀusion terms in stochastic diﬀerential equa-
tions is a complicated undertaking as the estimation in both terms has to take place simul-
taneously and we cannot assume that observations are taken from a stationary distribution.
The way we estimate the parameters can be used even when the number of observations in
each replicate is relatively few, that is 20 or less.
In order to carry out the study of optimal harvest levels for a marine resource that
is subject to both stochastic and deterministic dynamics, we have to resort to numerical
methods. We compare our derived optimal exploitations with the actual exploitation of the
NEAC. The results reported in this work provide a benchmark for the real management
policy.
It is diﬃcult to construct a detailed empirical model for any ﬁshery. In the NEAC
ﬁshery we have access to a fair amount of data although the quality may be variable. The
method and results given in this paper do not provide the full story but we believe it to be
an important step toward a comprehensive bio-economic model. Basically it provides the
approximate key levels of optimal harvesting policies. It is an eﬃcient tool for investigat-
ing the exogenous changes in the optimal yield paths (policies) and allows us to compare
harvesting policies.
This article is organized as follows: First a stochastic bio-economic model is formulated
and a solution method for the stochastic optimal control problem is discussed. Then a
condensed study of the parameter estimation is presented and followed by a brief history of
the NEAC ﬁshery. Finally, optimal harvest levels are presented and discussed for diﬀerent
deterministic as well as stochastic cases.
3An optimal management strategy
Bio-economic models have two principal components, a biological part that deﬁnes the
natural constraints and an economic part that characterizes the policy of the ﬁshery man-
agement. Our attention here will basically focus on a non-linear mathematical model of a
renewable marine resource with stochastic ﬂuctuation.
In recent years an increasing number of stochastic optimization models have appeared in
the resource economics literature. The real world resource and environmental economics are
always uncertain. Important characteristics of stocks of renewable resources, such as a ﬁsh
population, are volatility and ﬂuctuations. The variation in a ﬁsh stock appears to be related
to ﬂuctuations in recruitment, migrations and spawning patterns and changes in the marine
ecological system, among others. Thus stochasticity and ﬂuctuating environments make the
stock a random variable. A convenient way of modeling the random stock dynamics is to
use a Stochastic Diﬀerential Equation (SDE) of the form
dst = [g (st) − ut] dt + σ (st) dBt . (1)
The biomass st is a random variable on (0 , ∞), ut is the harvest, g (.) is the growth of the
biomass, σ(.) is the diﬀusion term. The functions g (.) and σ(.) are twice continuously
diﬀerentiable. The term dt is a time increment and dBt is an increment of a standard
Brownian motion that is independent and identically distributed.
We suppose that g (0) = 0 and that there exists K > 0 such that g (.) is strictly positive
on (0,K) with g (K) = 0 and g (s) < 0 for s > K. K is called the environmental carrying
capacity of the resource. In addition we assume that σ (.) is strictly positive on (0,∞)
and st = 0 is an absorbing boundary, i.e. , if st ever becomes zero, the resource becomes
extinct. This is a direct extension of Clark’s [Clark, 1990] bio - economic framework to
include stock uncertainty. The speciﬁcation assumes that the size of the resource stock in
the current period is known without error and that the change in stock size is composed of
a deterministic part [g(st) − ut] dt and a random part σ(st) dBt. This stochastic process
describes the dynamics of the aggregated stock biomass.
A well deﬁned resource management problem needs a clear objective. In order to deter-
mine an optimal level of exploitation for the ﬁshery an economic component in the model
is also required. A reasonable approach is to use the net revenue, that is, the total revenue
from ﬁsh harvest less total operating costs, given by
Π = Π (st,ut) = p (ut) ut − c (st,ut), (2)
where Π is net revenue at time t from having a resource stock of size st and harvest ut. Here
p(.) is the inverse demand function and c(.) is the cost function. The inverse demand
function for the landings of cod is assumed to be linear and decreasing, the cost function a
4decreasing function of biomass and an increasing function of harvest.
When the growth of the resource is stochastic, the objective of the management is to
maximize the expected present value of the return from a harvest schedule, u, over an
inﬁnite horizon. This is given by
J(st,ut) = E
￿Z ∞
t
e− δ τ Π(sτ,uτ) dτ
￿
, (3)
where δ > 0 is the rate of discounting and E denotes the expectation operator. The dynamic
optimization problem can be written as
V(s) = max
u≥0
J(st,ut); s(t = 0) = s0 = s, (4)
subject to the dynamics of the ﬁsh biomass constraint given by Eq. (1) and the appropriate
boundary conditions. The optimal control (harvest) can be found by solving the associated
Hamilton Jacobi Bellman (HJB) equation:
δV + g(s)Vs +
1
2
σ2(s)Vss + max
u≥o
[Π(s,u) − uVs] = 0, (5)
where the subscripts denote derivatives. From Eq. (5) it follows that the policy relation is
given by
u∗ =



0 if Πu(s,0) − Vs < 0
u ≥ 0 if Πu(s,u) − Vs ≥ 0
. (6)
Solving the HJB equation together with appropriate boundary conditions is a diﬃcult task.
This problem was addressed in Sandal and Steinshamn, 1997. They produced closed form
approximations by using perturbation techniques. We solve this problem using numerical
methods. Numerical algorithms for optimal stochastic control problems can be found in,
e.g., Kushner and Dupuis, 2001. Their approach is based on probability theory and is
referred to as the Markov chain approximation method, which we adopt in this work.
Criterion function based parameter estimation
Over the last few years various new tools have emerged in marine resource modeling and
ﬁnancial markets leading to a demand for adaptable estimation methods to obtain relevant
model parameters. In the present work we have used a method based on Non - Parametric
techniques which estimates simultaneously drift and diﬀusion coeﬃcients of the stochastic
population dynamics. It is a Kolmogorov-Smirnov criterion based estimation, which, to our
knowledge, was ﬁrst utilized in this context by McDonald and Sandal, 1999.
The method relies on the existence of observed (real) replicated time series data and
replicated simulations from the speciﬁed stochastic process. The parameter estimation is
then feasible by optimizing the ﬁt between the real and simulated data over a reasonable
5time interval for the SDE parameters (Eq. 1).
The Kolmogorov-Smirnov two sample goodness of ﬁt test is used to compare the em-
pirical distribution functions of two multiple time series samples. Following Gibbons and
Chakraborti, 1992, the Kolmogorov-Smirnov two sample statistic
Dm,n = max
x |Sn(x) − Sm(x)|,
where Dm,n is the maximum absolute diﬀerence between the two empirical distributions
Sm(x) and Sn(x), has an asymptotic distribution
lim
m,n→∞
￿
P
￿r
mn
m + n
Dm,n ≤ D
￿￿
= L(D), (7)
with the Kolmogorov-Smirnov likelihood
L(D) = 1 − 2
∞ X
i=1
(−1)i−1e−2i2 D2
. (8)
These empirical distribution functions were derived from the ordered statistics and corre-
spond to the two random samples of sizes m and n from the observed and the simulated
time series respectively. The empirical distribution function Sν(x) for a random sample of
size ν is deﬁned as
Sν(x) =

   
   
0 if x < X(1),
k
ν if X(k) ≤ x ≤ X(k+1), for k = 1,2,··· ,ν − 1,
1 if x ≥ X(ν).
where X(1),X(2),··· ,X(ν) denote the order statistics of a random sample and ν ≡ [m,n].
The Kolmogorov-Smirnov statistic can be used to test the hypothesis that the population
distributions have been drawn from the same population.
In this paper, one of these samples is the real data and the other is generated from the
speciﬁed stochastic diﬀerential equation. Here we consider replicated time series data from
both real and simulated data sets. This provides the opportunity to evaluate the empirical
distributions and to determine the Kolmogorov-Smirnov statistic, Dt, for each time period
t. Using the asymptotic null distribution, we take the criterion function, Φ, to be the
product of the Kolmogorov-Smirnov likelihoods, L(Dt), computed at each time step:
Φ =
T Y
t=1
L(Dt), (9)
where T is the length of the time series and
L(D) = 1 − 2
N X
i=1
(−1)i−1e−2i2 D2
, (10)
6where N ∈ N, is the truncated likelihood function from (8).
In order to implement this method a scheme for the numerical integration of equation
(1) is required. The strong order Milstein scheme, Kloeden and Platen, 1999 is used in
this application. To apply a numerical method to Eq. (1) over a ﬁnite interval [0 , T], we
ﬁrst discretize the interval. Let ∆t = T
l for some l ∈ N and ξj = j∆t. Our numerical
approximation to s(ξj) = Sj is given by
Sj+1 = Sj + [g (Sj) − uj]∆t + σ(Sj)∆Bj +
1
2
σ(Sj)σ0(Sj)
￿
∆B2
j − ∆t
￿
, (11)
where ∆Bj = Bj+1 − Bj and σ0(Sj) =
∂σj
∂Sj.
North-East Arctic Cod Fishery
Cod (Gadus morhua) is the main basis of the Norwegian commercial white ﬁsh industry.
There are basically two stocks, the coastal cod and the migratory cod (North-East Arctic
Cod, NEAC, also called Arcto-Norwegian cod or Barents Sea cod) which is one of Nor-
way’s key ﬁsh stocks. The NEAC has its main distribution from the Lofoten area to the
Spitsbergen and Novaja Semlja islands. It is found in an area about 3116000 km2 north to
approximately 810N, which includes the Barents Sea (area I) and the Norwegian Sea (area
II) west to 110W and south to 630 − 640N (see Fig.1 for details Nakken, 1994).
Figure 1: ICES areas I (Barents Sea), IIa and IIb (Norwegian Sea)
Topographic structures within the Nordic Seas divide the area into three sub areas I, IIa
and IIb (Figure.1) which are referred to as ICES (International Council for the Exploration
of the Sea) ﬁshing areas. The large shallow ocean area (average depth 230m), the blending
7of the water masses, cold and warm currents meeting, the ice melting and retreating are all
factors forming the basis for the production that makes the Barents Sea one of the richest
ocean areas. The Barents Sea is capable of maintaining large ﬁsh populations including
cod, capelin (Mallotus villosus) and approximately 150 other species of ﬁsh.
The NEAC spawns along the Norwegian coast from 620N and northwards with main
spawning around Lofoten - Vester˚ alen. Eggs and larvae drift into the Barents Sea and the
juveniles feed there until they mature at an age of 6 - 7 years. Maturing cod migrate to
the Norwegian coast to spawn and back to the Barents Sea after spawning. Recruitment
to the ﬁshery starts at age 3.
Barents Sea cod stock is potentially the largest cod stock in the world [Jakobsson,
1992] with capelin and herring being important as prey. As mentioned, cod is brought
into commercial exploitation at an age of 3 - 5 years. It takes 4 years for a fast - growing
specimen to reach a weight of one kilo. The average harvest of cod in the period 1950
- 2002 was 665 thousand tonnes [ice, 2002]. Norway and Russia regulate the cod ﬁshery
co-operatively and give quotas to third countries such as the EU, Faeroes and Iceland. In
addition, Norway is responsible for a number of local stocks in fjords along the Norwegian
coast.
Various management strategies are implemented and enforced including total allowable
catch (TAC) and minimum catch size, etc. by the Advisory Committee on Fishery Man-
agement (ACFM) in the ICES. TAC policies have been reviewed by Nakken, Steinshamn
and Sandberg in their article [Nakken et al., 1996]. In November 2002, Norway and Russia
agreed on a long - term harvesting strategy for cod that will be eﬀective from year 2004.
With regards to the 2003 quota for NEAC, both countries have agreed upon TAC of 395
thousand tonnes.
In recent years, the harvesting level of cod stock has been virtually unchanged (see
Arctic Fisheries Working Group report [ice, 2002]). The Ministry of Fisheries in Norway
believes that continuing the present harvest level will endanger the NEAC stock. This will
cause the harvest rate to decrease and can severely diminish the yield for those who make
their income from this ﬁshery. Based on the development in the NEAC ﬁshery we present
a stochastic model that is more realistic than previously available models. The model is
based on time series for biomasses and landings from 1985 to 2001.
Application and Discussion
The growth of biological populations is aﬀected by natural regulatory factors such as envi-
ronmental variations, causing random changes in rates of survival or reproduction etc. We
model the deterministic part by a surplus growth function. In the classical work [Clark,
1990], the population growth models are categorized as compensation and depensation
models.
8According to the theory of compensation populations will grow when population density
is low and will decline when density is high. In this way, population size remains relatively
stable. The growth function g (.) is deﬁned over the interval s ≥ 0 is strictly concave. In
such growth functions, the proportional growth rate,
g(s)
s , for all stock sizes, falls as stock
grows. On the other hand, depensation can occur when the birth rates or survival rates
decrease at the low densities. Depensation tends to destabilize the population.
Diﬀerent functional forms of the stock-growth relationship represent diﬀerent hypotheses
about the response of surplus growth to changes in the density of the stock. The following
generalized logistic function
g (s) = rs2
￿
1 −
s
K
￿
, (12)
is used as surplus growth function. The interpretations of the parameters are as usual, where
r is an intrinsic growth rate per unit time and per unit stock and K is the environmental
carrying capacity. This growth function has depensation for 0 < s < 1
3K and Maximum
Sustainable Yield (MSY) at s = 2
3K.
Parameter estimation is performed for both the drift and the diﬀusion parameters in
the stock dynamic constraint. In the following we consider
ds =
h
rs2
￿
1 −
s
K
￿
− u
i
dt + σ (s) dB, (13)
where the functional forms for the diﬀusion term, σ(s), were speciﬁed as σ0 s , σ0 sβ and
σ0 s e−β s (σ0 > 0). We need replicated biomass time series data for the NEAC stock in
order to implement these forms.
The time series data on biomass and catch are based on ICES Arctic Fisheries Working
Group (AFWG) reports. We have used the latest working group report available to us,
namely the ICES report for the year 2002 [ice, 2002]. The AFWG gives a time series of
biomass for ages 3 – 13+ calculated by Virtual Population Analysis (VPA), as well as catch
in numbers by age, and time series for weight in catch by age for the years 1946 – 2001
from areas I, IIa and IIb (Figure 2).
When estimating biological and stochastic parameters by using the Kolmogorov-Smirnov
procedure we need multiple biomass time series, i.e., several independent survey results for
stock biomass, for this cod stock. It is possible to compute this multiple annual data set
from the recent AFWG report for a short period of time, namely, from 1985 to 2001.
Initially, we considered a reference biomass time series based on the VPA calculation
and a yield time series which includes the landings from the North East Arctic regions I
and II. Using the data from ICES [ice, 2002], the cod biomass for each year from 1985 to
2001 has been calculated as the sum of the biomasses for age 3 – 10+. This biomass time
series is called the reference biomass of the NEAC stock. Catches for each age for the years
1985 – 2001 have been calculated as the product of catch in numbers by age and weight
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Figure 2: VPA biomass and Total landings time series for year 1946 – 2001
in catch for that age, whereupon the catches for ages 3 – 10+ were summed to give total
landings for that year.
Apart from that, the AFWG report [ice, 2002] produces several independent and in-
dividual survey results for abundance stock numbers that depend on both ages from 1 –
10+ and length of ﬁsh from the Barents Sea and the Lofoten area. These acoustic, autumn
and bottom trawl surveys were carried out by Russian and Norwegian vessels in various
seasons and in diﬀerent sub areas. The biomasses of cod from age 3 – 10+ for the years
1985 – 2001 have been calculated by using stock weight at age for each survey (Figure 3).
This calculation produces 7 biomass time series including reference biomass , with 17 data
points in each time series for the NEAC stock.
The biomass time series, which are represented as a biomass matrix, is obtained from
the surveys and the VPA calculation. But it has not been calculated from the same ﬁshing
region of NEAC. That is, the abundance stock numbers were counted from diﬀerent regions
for each survey and the VPA biomass represented all ﬁshing regions of NEAC. Thus the
time series are not on similar scales. It is therefore, problematic to use this biomass matrix
directly in our estimation process.
We need simulated multiple time series from the proposed SDE (13) with appropriate
initial guesses for unknown parameters to proceed in our estimation method. This neces-
sarily leads us to consider the catch data for each individual survey. It is not possible to
obtain this information from the AFWG report. There is only one time series available
for landings, which covers the whole NEAC area. Here we also have diﬃculties in produc-
ing a simulation biomass matrix that we can compare with the biomass matrix using the
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Figure 3: Biomass time series from individual acoustic, autumn and bottom trawl
surveys for the years 1985 – 2001. Russian vessels made the Surveys 4
and 5 and Norwegian vessels did the rest
Kolmogorov-Smirnov statistic.
Because of these inconveniences, we simpliﬁed the problem by regressing each biomass
time series from the survey results with the VPA biomass. We used a method called
weighted robust polynomial regression to regress the available data in the survey results.
It produces a new multiple biomass time series and, thus, this new matrix is referred to as
the biomass matrix of this cod stock.
Estimation was performed using the criterion function (Eq. 10). The global minimiza-
tion procedure with respect to the drift, r and K, and the diﬀusion parameters produced
the estimated values. The observed biomass matrix has seven realizations (n = 7) with
time series length seventeen (T = 17). The simulated biomass matrix was produced from
the proposed stock dynamics (Eq. 13) using the initial stock s(0) = s and the initial guess
for parameters. The initial stock was calculated as the average stock biomass in year 1985.
The dimension of the simulated matrix was chosen to be equal to the observed matrix.
In order to narrow down the search for best ﬁt we used undisputed ranges for the
parameters chosen. The estimation was performed 1000 times and the mean estimated
values were registered with their standard deviations (in parenthesis) of parameter estimates
in Table 1.
It is clear from Table 1 that the estimates are statistically acceptable. There is no
obvious way of choosing among these models. They are all produced by ﬁtting a given
dynamic structure a priori to the same data. As such, we are dealing with phenomenological
11Parameters r K σ β
Linear diﬀusion 6.31818·10−4 2648.362 0.49204 –
[2.9014·10−5] [265.94] [0.11949] –
Convex diﬀusion 6.51533·10−4 2640.338 0.20687 1.21595
[3.4855·10−5] [273.42] [0.07476] [0.11597]
Concave diﬀusion 6.67267·10−4 2651.707 0.51756 7.9318·10−5
[3.4078·10−5] [282.01] [0.10469] [1.3471·10−6]
Table 1: Estimated values of the drift and the diﬀusion coeﬃcients of the bio-dynamic constraint.
The carrying capacity K is measured in 1000 metric tons. Results in parenthesis denote
standard errors of the estimated parameters
models both with respect to the drift and diﬀusion. It is not our task to make a detailed
description of the biomass dynamics and its volatility. We produce an aggregated model
that can be implemented in a management and economic setting. The level of detail in the
economic sub model is rather limited. We want to avoid cluttering the analysis with partial
models containing more details than other parts. The stochastic optimization procedure
creates policies that are on an aggregated level.
We believe it to be a bad idea trying to make very sophisticated management policies
dependent on many more or less unknown details. Practicality is a key attribute to most
successful optimal management strategies. Diﬀerences in the biological production functions
need not imply signiﬁcant diﬀerences in the ﬁnal policy output. We investigate their impact
by comparing the optimal policies that stem from these models with policy in place as it
can be viewed from the historical landings.
Biological species grow by the gift of nature. The structure of the growth is quite com-
plicated and it requires sophisticated mathematical functions to adequately model them.
Fortunately, there are simpler models that reasonably and approximately represent the
growth models. We have already used a depensation model to represent the growth func-
tion of this particular stock. A pure compensation growth model is now used in our setup
for the comparison.
The management of a renewable resource has generally been based on the concept of
maximum sustainable yield (MSY). This is the level where the surplus production equals the
sustainable yield and usually occurs where the growth function has its maximum. As such
MSY is a measure of the model’s statement about the productivity of the stock. Comparing
MSY from various models is a common way of comparing productivity statements from
diﬀerent models. We consider the following stock dynamic constraint:
ds = [f(s) − u] dt + σ (s) dB, (14)
where f(s) = rs(1 − s
K) represents the Schaefer logistic growth function, σ(s) = σ0s
is a linear diﬀusion term and r, K have their usual meanings which we deﬁned previously.
Using the same procedure, the Kolmogorov-Smirnov method, we estimate the parameters
12in Eq. (14). Table 2 below shows some quantities of practical interest pertaining to the
NEAC. Here we considered the results from the depensation growth with a linear diﬀusion
model for the purpose of comparison.
Parameters Depensation Logistic
r 6.31818·10−4 0.4649
K 2648.362 5735.213
MSY 656.5124 666.5781
Table 2: Estimated biological parameter values for the logistic and the de-
pensation growth functions with sustainable values. The carrying
capacity K and MSY are measured in 1000 metric tons.
Estimates of MSY quantities are shown in row 3 of Table 2. Both models produce almost
the same estimate of MSY even though they give diﬀerent biological parameter values. The
MSY is around the values of TAC in the late 90s. Thus, our comparative studies about
MSY implies that the estimated parameter values are of the right magnitude for the NEAC
ﬁshery. A possible interpretation of Table 2 is that the depensation model suggests that
the stock is relatively small and productive whilst the logistic model indicates the opposite.
The next step is to investigate the implications of these models (speciﬁcations) on the
resource exploitation policy. Thus we introduce the economic component to the problem.
The demand and the cost functions are
p(u) = p0 − p1u, (15)
c(s,u) = c0
u
s
, (16)
where c0 = 8864. The linear inverse demand function Eq. (15) was estimated by using
annual catch and price data [sta, 2001] in the period 1985 to 2000. A robust linear regression
method with bi-square weighting function was used and it turned out that for the best
statistical ﬁt we obtained R2 = 0.43. The cost function Eq. (16) was adapted from an
article by Arnason , Sandal , Steinshamn and Vestergaard [Arnason et al., 2004]. The net
revenue function is
Π (s,u) =
￿
p0 −
8864
s
￿
u − p1u2, (17)
with estimated values, p0 = 10.527 (1.0056) and p1 = 0.005973 (0.000307), where standard
error appears in parenthesis. The biomass and the harvest are measured in 1000 metric
tons for all cases.
We now consider the biological and the economic functional forms required to evaluate
the implications of harvesting quotas of the NEAC ﬁshery. We focus on the catch that is
produced by the optimization scheme. We solve numerically the HJB equation by using
the Markov chain approximation method Kushner and Dupuis, 2001 as previously outlined.
13The optimal landing levels are then compared with real harvest.
For comparison purposes two main features, deterministic with diﬀerent discount rates
and stochastic with non-identical diﬀusion terms, are considered. Using previously derived
functions for Π(s,u), g(s) and σ(s) with Eqs. (5) and (6), the optimal yield paths as a
function of stock are calculated. The bliss harvest rate, which can be interpreted as the
upper limit for the optimal control, is also presented along with optimal yield paths. The
bliss can be evaluated by maximizing the net revenue Π(s,u) with respect to the control
variable u:
uBliss =
1
2p1
h
p0 −
c0
s
i
, (18)
where p0,p1 and c0 are arbitrary constants and this is a measure where the instantaneous
proﬁt is maximized without taking the future eﬀects on the stock into account. To see this
we can reason in the following way:
1) If Bliss is achievable, it maximizes the integrand that is the net revenue, at each point
in time. It is clear that this is the best you can hope for.
2) In the limit where the discount rate goes to ∞ future does not matter. This means
that optimum is achieved as above. Hence Bliss can be interpreted as the optimal policy
when future is unimportant. This means that if the future does not count there is nothing
to gain by reducing present harvest.
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Figure 4: The optimal landings from deterministic case for diﬀerent discount rates
along with actual harvest and the bliss control path.
When considering the deterministic case the diﬀusion term, σ(s), in the HJB equation
14is approached by a very small value (i.e. σ(s) ≈ 0) and it is interpreted as a negligible
diﬀusion term. Figure. 4 is included to display optimal harvest paths for various discount
rates with the bliss control path and the historical yields. Displaying historical harvest data
with optimal yield paths allow easy comparison between the proposed results from Eq. (6)
and the real harvesting during the period 1985 - 2001.
A noticeable aspect of these curves is that the bliss follows the historical harvest points
quite closely. This curve looks like a regression line of these actual harvest points. We
have earlier pointed out that bliss is an upper limit on the feasible harvest path that the
optimal policy approaches in the limit of an inﬁnite discount rate, i.e., when the future has
no intrinsic value in the ﬁshery. This suggests that the stock has been managed without
a long-term perspective and emphasis has been on the immediate return. Economically
overﬁshing has taken place. When the discount rate or time preference is increasing, the
optimal harvest path shifts upwards from medium to large stock levels and the harvest
moratorium is invoked at radically lower stock levels which put the stock at risk for medium
to small stock levels.
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Figure 5: The optimal landing paths, which are derived using 5 % of discount
rate, from stochastic case for diﬀerent diﬀusion terms are plotted. A
deterministic optimal path, which is derived using same discount rate,
is also included.
Inclusion of the stochastic term to the stock dynamics implies additional eﬀect on the
optimal harvest paths. In Figure 5 we again show the optimal paths for both deterministic
and stochastic cases. It displays the quotas suggested by the stochastic rule for three
diﬀerent diﬀusion functions along with an optimal path implied by the deterministic rule.
Optimal paths are calculated using discount rates of 5 % for both the stochastic and the
15deterministic cases.
Figure 5 shows a very interesting feature, that is, the addition of a stochastic element
to the stock dynamics has similar eﬀect to that of increasing the discount rate in the
deterministic case. When compared to the deterministic case, the stochastic optimal harvest
quotas were approximately similar at moderately large stock levels and higher at small
stock levels. As the degree of the uncertainty rises, harvest moratoria are implemented at
progressively smaller stock levels, a result which is consistent with increased discount rates
in the deterministic case. This implies that the higher uncertainty can give an incentive to
increase ﬁshing eﬀort.
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Figure 6: Time series of harvest for actual data and optimal harvests from both
stocastic (δ = 5%) and deterministic (δ = 5% , δ = 25%) cases. Harvests
are measured in 1000 metric tons.
In order to understand the dynamic nature of this harvesting strategy, Figure 6 presents
the time series of optimal and actual harvests. Optimal harvests are derived from both the
stochastic case for a 5 % discount rate with various diﬀusion terms and the deterministic
case for various discount rates. The paths belong to the deterministic case with 25 %
discounting and the stochastic case with linear diﬀusion term have similar patterns, They
have a noticeable departure from the actual harvest path most of the time. Although the
trend in the time series belonging to optimal and actual harvests looks similar, the results
shown in Figure 6 clearly exhibit that the actual harvest exceeded the optimal harvest most
of the time for the period 1985 - 2001. It indicates that economic over ﬁshing has taken
place.
16Summary
The North-East Arctic Cod (NEAC) is an important species that urges regulation in or-
der to prevent its stock from being depleted. Owing to its migratory nature and natural
ﬂuctuations it is useful to study the implications of a stochastic bio-economic model for
this ﬁshery. Focusing on the ﬂuctuating environment, we introduced the issue of process
uncertainty in the form of a stochastic model of NEAC biomass dynamics. We leave other
sources of uncertainty for future investigation. Parameter estimation in both economic and
biological functions has been considered to derive optimal harvesting paths using industry
data of the NEAC ﬁshery. Optimal harvests obtained are compared to the historical yields.
An interesting feature of these results is that the bliss harvest path, which can be
interpreted as the optimal harvest for inﬁnite discount rate or the limiting curve for the
optimal harvest rule, tracks the historical harvests quite closely. There is a clear conclusion
from all of our models. The NEAC ﬁshery has been poorly managed in the sense that
historical harvest data can only be explained if one assumes a very high discount rate or
the lack of accounts for the signiﬁcant uncertainties that are clearly present. Both these
views indicate poor management with too much focus on short-term gain and too little on
the cost of uncertainty.
This result may surprise the reader. It is a result we would expect from a ﬁshery
managed by an open access policy. How is this poor performance possible given that the
NEAC is an actively managed ﬁshery? It is really not a surprise. The stock has not
been managed according to any kind of economic optimality considerations. The managing
criteria of the NEAC has at best been purely biological considerations, i.e., depending on the
managing authority’s view on stock recruitment, ﬁshing mortality, spawning stock biomass
etc. It has never been managed by maximizing any proper economic return (see for details
Nakken et al., 1996). Actual landing by individual vessels may also have been optimized
by size composition (i.e. replacing less valuable parts of a catch). Other localized types
of adaptations are also expected to increase the actual harvesting level beyond a possible
sustainable TAC. The ﬁnal quotas are set by politicians favoring the short term economic
returns for the ﬁshermen and the industry.
In the deterministic case, optimal paths closely moved toward the actual catches at
the very high discount rates. A similar pattern was observed in the case of stochastic
dynamics at lower discount rates with higher diﬀusion terms that represent one of the many
sources of uncertainty. For the comparison with the deterministic case, the stochastic case
produced similar harvesting patterns at moderate to large stock levels, but it increased
optimal harvests at small stocks, thus reducing the stock level at which moratorium is
suggested. This result is quite surprising, but it is consistent with deterministic optimal
harvests for higher discounting rates.
We also noticed that there is a quite large diﬀerence in the moratorium levels when
17considering the same discount rates for the deterministic and the stochastic cases.. There
is, however, a pitfall here. It is dangerous to think about the deterministic limit as merely
putting the diﬀusion term to zero. Even though this creates a deterministic case, it may
not be the proper one. We must keep in mind that the Kolmogorov-Smirnov approach
calculates all parameters simultaneously, i.e., the parameter values in the drift and diﬀusion
terms inﬂuence each other. One must therefore expect that the deterministic parameter
values become diﬀerent when we start out with no diﬀusion term. This is why parameter
estimation in general is a diﬃcult task in continuous time stochastic processes.
We conclude that the deterministic rule may perform well at the small stock levels and
can be used at lower discount rates, if we estimate a new set of parameters for the de-
terministic dynamics setup. We use a negligible coeﬃcient for the diﬀusion term in our
stochastic procedure to derive an optimal harvest rule for the deterministic case. However,
it is important to use new estimated parameter values for the deterministic procedure. The
estimation process implies that changes in biological and stochastic parameters occur simul-
taneously and the inclusion of a negligible value (or zero value) for the diﬀusion coeﬃcient
leads to new estimated values for the other parameters.
Although the harvest moratorium in the stochastic case appears at much lower level
than the level suggested by the deterministic rule, the optimal stochastic yields along with
actual harvests clearly exhibit the economic over ﬁshing for much of the time period in past
17 years. It is important to look carefully into these results, because they are related to the
particular form of adopted uncertainty. It is believed that over ﬁshing has been due to too
little concern regarding stock recovery and future generations. Besides, our study reveals
that the major cause of over ﬁshing and ﬁsh depletion is a high degree of uncertainty in
the models used.
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